ON THE ASSOCIATED SEQUENCES OF SPECIAL 
POLYNOMIALS 



D. S. KIM, T. KIM, AND S.-H. RIM 

Abstract. In this paper, we investigate some properties of the asso- 
ciated sequence of Daehee and Changhee polynomials. Finally, we give 
some interesting identities of associated sequence involving some special 
polynomials. 



1. Introduction 

In this paper, we assume that A G C, with A / 1. For a£l, the Frobenius 
-Euler polynomials of order r are defined by the generating function to be 

/ I _ \ \ a oo n 

1) {-f^j) eXt = Y< H n\AX)- v (^e [9, 11, 13, 22, 27]). 



( 



n=0 

In the special are called n-th Frobenius- 

Euler numbers of order a, (see [8, 9, 27]). As is well known, the Bernoulli 
polynomials of order a are defined by the generating function to be: 

(2) f-^J e* = 5>4 o) (*)^. (see [10, 12, 21, 28]). 

In the special case, x = 0, B^\o\X) = are called n-th Bernoulli num- 
bers of order a. The Stirling numbers of the second kind are defined by 

(3) ( e t- 1 ~ ) n = nl J2s 2 (l,n)-, (see [5, 20, 21, 26]). 

l=n 

and the Stirling numbers of the first kind are given by 

n 

(4) (x) n = x(x-l)...(x-n + l) = ^2S 1 (l,n)x l , (see [5, 20, 21]). 

1=0 

Let J- be the set of all formal power series in the variable t over C with 

oo 

(5) ^ = {/(*) = E TT<* I a* € C}. 

n=0 K - 

Let us assume that P is the algebra of polynomials in the variable x over C 
and P* is the vector space of all linear functionals on P. < L \ p(x) > denotes 
the action of the linear functional L on a polynomial p(x) and we remind 
that the vector space structure on P* is defined by < L + M \ p(x) >= 

l 
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< L | p(x) > + < M | p(x) >, and < cL | >= c < L \ p(x) >, 

where c is a complex constant, (see[6, 9, 20, 21]). For f(t) = E£L jft k G J 7 , 

we define a linear functional on P by setting 



where <5 n! & is the Kronecker's symbol. Let /l(£) = ~ — W > tk - Then, 
by (7), we see that < /z,(i) | x n >=< L \ x n >. The map L H> fi{t) is a vec- 
tor space isomorphism from P* onto T. Henceforth, T is thought of as both 
a formal power series and a linear functional. We call T the umbral algebra. 
The umbral calculus is the study of umbral algebra (see[7, 11, , 19, 20, 21]). 
The order 0(f(t)) of the non-zero power series f(t) is the smallest inte- 
ger k for which the coefficient of t k does not vanish (see[10, 20, 21]). If 
0(f(t)) = 1, then f(t) is called a delta series and a series f(t) having 
0(f(t)) = is called an invertible series (see[10, 20, 21]). Let f(t) be a delta 
series and g(t) be an invertible series. Then there exists a unique sequence 
S n (x) of polynomials such that < g(t)f(t) h \S n (x) >= n\5 n ^ where n, k > 0. 
The sequence S n (x) is called the Sheffer sequence for (g(t),f(t)) which is 
denoted by S n (x) ~ (g(t),f(t)). If S n (x) ~ (1, /(<)), then S n (x) is called 
the associated sequence for f(t). By (7), we see that < e yt \ p(x) >= p(y). 
For f(t) € T and p(x) G P, we have 




< /(t) I x" >= a n , (n > 0), (see[20, 21]). 



< t k I x n >= n\5 n>k , (n,k>0), 



(8) 




and 




x 11 > ... < f m (t) I x tm >, 




< 1 I p ik) {x) >=p( fc )(0). 



(ife>0), (see[10,20,21]). 




CXD 



(12) 



/or aZ/ 1/6C, 
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where f(t) is the compositional inverse of f(t), 

(13) S n (x + y) = ^ \ V\Pk{y)S n -k{x) = ^ [l) S n-k{y)Pk{x), 

k=o ^ ' fc=o ^ ' 

where p k (y) = g(t)S k (y) ~ (1, /(*)), (see[5, 11, 20, 21]). 

Let p n (x) ~ and g ra (x) ~ (l,g(i)). Then the transfer formula for 

the associated sequence is implies that 

(14) qn ( x ) = x(^J x-'p^x), ( S ee[5,ll,20,21]). 

In this paper, we investigate some properties of the associated sequence 
of Daehee and Changhee polynomials arising from umbral calculus. Finally, 
we derive some interesting identities of associated sequence of special poly- 
nomials from (14). 



2. On the associated sequence of special polynomials 

For AeC with A / 1, the Daehee polynomials are defined by the gener- 
ating function to be 

(15) ~ V d-A)d-t) ) Ir^J ' 

{see [1,2,14,16,17,18]). 

From (15), we note that D n (x\X) is the Sheffer sequence for (^E^>f^r)- 
That is, 

/ i , x f 1 — \ e* — 1 

(16) D n {x\X) r 



e* - A ' e* + 1, 
As is known, the Mittag-Leffler sequence is given by 

(17) M n (x) = (") (« " l)n- k 2 k (x)k ~ (l, ^r-\) 

k=0 ^ ' 

From (16) and (17), we have 

(18) M n (x) = ^-—^D n {x\X) ~ f 1, 6 ~ ' 



e* — A " v 1 7 V ' e* + 1 
Let us consider the following associated sequence: 

(19) S n (x\X) ~ M,lzAiJ an( i x »~(l,t). 
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By (14) and (19), we get 



(20) S n (x\X) = x^^j x~ l x n 



= (1 - A)" n x(e { - X) n x r ' 
= (1 - A)- n x (D (-A) n ~ W" 1 



(-A^-'Cx + O" -1 - 
Therefore by (20), we obtain the following theorem. 



Theorem 1 . For r G Z+ = NU {0}, let S n (x\X) ~ (1, pzjt). 
Then we have 

^n(x|A) = £ Q (-A)»-'(x + Zr 1 - 



From (14), (17) and (19), we have 
(21) 

M n (x) 



1 - A \ n ( It x " 



x {^x) ( 4+ ^j I_ls " w 
^)E(lM^)V^> 



^^)E(;)^(^)^E(;)Hr(. +) r 
- * (^) EE (> - x-(;)(-Ar-^ 

By (1), (2) and (12), we get 

(22) i^(*)~((^) Q ,t) ^|A)~((^)%), 
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and, by (13), we see that 



(23) BtHx) = ±(l)B^ k A Ht\x\X) = ±( n i )H^. 



Thus, by (21), (22) and (23), we get 
(24) 

M n (x) 



1 


-A 


e* 


-A 


1 


- A 


e* 


- A 


1 


-A 


e« 





1=0 j=0 

n n n 



= * (^) EE (") U - A)-"(; ! )(-A)-'2'(» - !)„-,*&(* + » 



1 jr'=0 v 7 VJ 7 v ' rrt=0 

/_1 Wjr 

m / 

n n /- \ /\ / , m i— 1 



1 - A 



I - 1 

m 



(x + jy 



e* - A, 

= eee ( ' )(p( |r- )( 1 ;, A) "" ,2 ' ^.-^y(x + ,ia). 

V ' i=l i=0 rn=0 ^ '' 

Recall here that, for any g(t) € J 7 , the Pincherle derivative is given by 

(25) g' (t) = g(t)x - xg(t) 

as linear operators on P, (see [22]). 
By (18), (24) and (25), we get 

(26) D n (x\X) = ^±M n (x) 



x jx^- 1 )^ + j|A) + ^^(x + j + 1|A)| . 
Therefore, by (26), we obtain the following theorem. 



l—m 
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Theorem 2 . For n > 1, we have 
D n (x\X) 



(Mi yyy (")G)Q(- A )- J2; 



xfT^" 1 )^ + j|A) + ^^(x + i + 1|A) 
Remark . (a) Let us consider the following associated sequence for 



(27) S B (aO~(^l v + J 
By (27), we get 

(28) S n (x) = x(e t + l) n x- l x n = x"jr (") (x + j)"" 1 . 
From (14), (17) and (27), we have 

(29) M„(x) = x (-±_J x -i Sn (x) = £ (^jxB^x + j). 

Thus, by (18) and (29), we get 
(30) 

D n (x\\) = (j^j M n (x) 

j'=o ^ ^ i=o 

(b) From (17), we note that we can obtain another expression of D n (x\X) as 
follow : 

(31) D n (x\X) = (j^) M n {x) 

= t( n ^--l)n- k 2 k ^(x) k 
k=0 v ' 

= i3T E (f) < n - ^- fc2fc « x + ^ - A ™ • 

fc=0 ^ ' 

For A G C with A ^ 1, Changhee polynomials of order a are defined by 
the generating function to be 

(32) ^ci a) (x|A)-= l — A ) + (^e [15, 23, 24, 25, 26]). 
fc=0 ' ^ ' 
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In the specials case, x = 0, C^(0|A) = cj?\\) are called n-th Changhee 
numbers of order a. From (12) and (21), we note that 

(33) C M(z|A)~(Q^)V-l), 
Thus, by (33), we get 

(34) ^^y C W(x|A)~(l, e *-l). 
From (14), x n ~ (l,i) and (35), we have 

(35) (jz^) a c n ] ^ = x (?ri) " * _1 * n 



Thus, by (14), (22), (25) and (35), we get 
(36) 



71—1 



E (" 7 {**£>i-.w»> - T^ev.'^ + ha)} 



1=0 

Therefore, by (36), we obtain the following theorem. 
Theorem 3 . For n G N, we have 

n-1 



C?W(x|A) = E 7 ^ - ^H^l l{x + 1|A)} 



z=o 

Let 

V - A x a 

(37) p(x)~(l,t' 



By x n ~ (l,t) and (14), we get 



1-A 



(38) /;(.r) .r ( -7-^- | x~V 



l-A 



(Hi 



, x^ = xfS(x|a), 
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where a G Z + . 

Therefore, by (38), we obtain the following theorem. 



Theorem 4 . For n G N and a G Z+, we have 

1-A\ a 



sl#3(s|A)~ (M 



e* — A 



By the same method of (38), we easily see that 
(39) xBS${x)~ (l,t(^±yy b€Z, 

For n > 1 , by (14), Theorem 4 and (39), we get 



(10) •//;;'":(,. A) ,\'-±-LJ^\ * ; ,-/C", (, 



. ,6^ n 

e — 1 



Thus, from (40), we have 



1 ara / \ 

(42) LtfS o/ (40) = ir ^^^J(-Ar-V t ^ 



an 



1 . . / \ 

fx^E(7)(-Ar-^S(-+ji^). 



< l ■ .... 
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and 

1 00 P 



J- 

j=bn 



n-1 



E(bn)\ (n-1)! . (bn) 

(j + bn)!(»-j-l)! g2(j + **' ^--W^ 



n-1 



" + (n-J-1)! ^-^ Xj - 

Therefore, by (41), (42) and (43), we obtain the following theorem. 
Theorem 5 . For a,b € Z + and n G N, we have 

an /• s. 

E 7 (-Ar-^S(x+j|A) 

(bn)\ 



= (1 - XT'in - Dig + tB) ^ ) : j _ 1) , S,0 + tn,h,)iei-,W- 



Remark . Let us consider the following Sheffer sequence: 
(44) Sn (x\\)=(±-±,t n " 



Thus, by (44), we get 

(45) i^ S „ (l | A) .( M (i^ 
By Theorem 5 and (45), we get 

S n (x\X) = (j^j xH^xlX) 

= T^X {{X + V H n-i( x + " Asff&(x|A)}. 

The Daehee polynomials of the second kind are defined by the generating 
function to be 

,«) 

fc=0 V 7 
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where A G C with A / 1, (see[2, 14, 26, 28]). 
From (12) and (46), we note that 

(47) D:WH (I^,£^I). 

Let us consider the A-analogues of Mittag-Leffler sequence as follows: 

(48) M *(*|A)~(l,|^). 
From (14), x n ~ (l,f) and (48), we have 

(49) M*(x\X) = x (^V) V" 1 = x(e l - A)™ (-A^V" 1 

= x ±( n l )(-\r- l e^Mx) 
= -t( n l )^r- l B^ 1 ( X+ i). 

Therefore, by (49), we obtain the following theorem. 

Theorem 6 . For n £ N, let M*(x\X) ~ (l, f^) 
Then we have 

M*(x\\) = £ (") (-X^xB&ix + I). 
From (13) and Theorem 6, we have 

(so) m*(x\\) = x jy£ ( n \ ( n ~ l ) (-rt^ + ly. 

i=o j=o V / \ 3 / 
By (47) and (48), we get 
(51) 

K{x\\) = (yzy) K(^IA) 

Let us consider the following associated sequences: 

(52) r:(*)~(i,^). 
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From (12) and (52), we have 



(53) 2^ T k Wry = exp I x I 

fc=o ' V V 

By (14), (52) and x n ~ (l,t), we get 



i+t 7 / 

r n— 1 
n I 2 



2\ n 



7 «=o v 7 

r ri — 1 

1 \ n 2 

5) £ 



^ (n-l)\ xTl _ 2l 



2/ ^ W7(n-2i-l)! 

7 /=o v 7 v 7 
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